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Introduction 
Let (A, m) be a local noetherian ring with (Krull-) dimension 12 and m-adic 
completion a. In [5], Matsumura investigated the dimension of the formal fibres 
of A. He produced examples to show that the dimension of the generic formal 
fibre of A can possibly be 0, IE - 2 and IZ - 1. Moreover, he asked if any number 
in between 0 and n - 2 can occur as dimension of the generic formal fibre of some 
local noetherian ring of dimension 12. The purpose of this paper is to construct for 
any pair of numbers n,t with 0 < t < n - 2 a noetherian local domain A, t of 
dimension n whose generic formal fibre has dimension t. 
In the first part we construct for any integer s > 0 a local regular excellent ring 
R, of dimension s + 1 which is situated in between 
mx, 3. . .,x,]][~l~R,~~[[X,,...,X,,~ll 
where K is a field of characteristic 0. Any ideal in the completion fi,, = 
K[[X,, . . . , X,, T]] is extended from R,. In particular, the generic formal fibre of 
R, has dimension 0. The main idea for the construction of R, is to insure that 
enough ‘Weierstrass-automorphisms’ work on R,y. 
The second part is concerned with the proof that R, is ‘enough’ separated from 
its completion R, = K[[X,, . . . , X,, T]]. By means of differential methods we will 
show that the transcendence degree of K[[X,, . . . , X,, T]] over R, is infinite. 
Finally, it remains to verify that for integers n,t with 0 < t < n - 2 the regular 
excellent ring A,,, = R,[[V,, . . . , Vr+,]], where s = n - t -2, has the required 
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properties, i.e. A,,, has (Krull-) dimension n and its generic formal fibre is of 
dimension t. 
1. Construction of R, 
Let K be a field of characteristic zero; X, , . . . , X,, T variables over K. For any 
s-tuple (n) = (n,, . . , n,) E Z” we consider the following subrings of the power 
series ring K[[X,, . . . ,X,, T]] := K[[_X, T]]: 
A,,, := K[[X+(n)(T)]]:=K[[X,+n,T,...,X,+n,T]], 
A (n) := &,[Tl . 
Let R, denote the subring of K[[_X, T]] which is generated by all the subrings 
A,,, , (n) E Z”. Then we put 
R, := Q(R,) n K[[X, Z-11 > 
where Q(R,) denotes the field of fractions of R,. 
1.1. Lemma. R, is noetherian. 
Proof. Let Z c R, be a nonzero ideal. Pick an element P E Z\(O). Then for a 
suitable (n) E 22” we may write P in the following form: 
P = e(Tr + ar_lT’-’ + . . . + a,) , 
where r > 0, F invertible in K[[_X, T]] and a, E A”(,, for i = 0, . . . , r - 1. We put 
Q := T’+ a,_lT’-l +. . . + a, E A,,, . 
By construction of R,, Q and E are contained in R, and we obtain canonical 
inclusions 
AC,,/(Q) 9 R,/(P) 9 K[[X, Tll/(P) . 
Since AC,,/(Q) = K[[_X, T]]/(P), R,/(P) and hence R, are noetherian. 0 
1.2. The completion of R, is K[[_X, T]], in particular, dim R, = s + 1. 
1.3. Let p C K[[_X, T]] b e a nonzero prime ideal. Then p fl R, # (0). In particu- 
lar, the generic formal jibre of R, has dimension 0, i.e. dim Ai, gRs Q(R,) = 0. 
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1.4. For any ideal a C R,, a # (0), the quotient ring Rla is complete. 
1.5. R, is excellent. 
Statements 1.2-1.5 either follow immediately from Lemma 1.1 or can easily be 
shown by similar arguments as in the proof of Lemma 1.1. 
2. The transcendence degree k,lR, 
The aim of this section is to show that the transcendence degree of K[[& T]] 
over R,Y is infinite. We first need the following notation: 
Definition. An element w E K[[ T]] IS called hypertranscendental if the set of all 
derivatives {cYwI~T”},,, is algebraically independent over K (respectively 
K[Tl). 
The existence of hypertranscendental elements is well known. The first to 
discover a hypertranscendental element was Holder [l] in 1886 when he showed 
that the gamma-function does not satisfy any algebraic differential equation. 
Later, in 1902, Hilbert [2] proved that the Riemann J-function is of the same 
kind. For arbitrary base fields K (of characteristic 0) the existence follows for 
example from [3]. 
The remainder of this section is devoted to the proof of the following theorem: 
2.2. Theorem. Let w c K[[T]] b e a hypertranscendental element. Then the set 
{a”w/aT”},,, is algebraically independent over R,. 
Before proving the theorem we first note the following easy facts: 
2.3. Lemma. Suppose L 2 K is an extension offields of characteristic zero. Let ~3 
be a derivation of L with a(K) C K. Then for any (Y E L the following conditions 
are equivalent: 
(i) The set {cY(Y},~~ is algebraically independent over K. 
(ii) The transcendence degree of K(a”a), EN over K is infinite. In particular, if 
the set {cP(Y}~~~ is algebraically dependent over K, then K(a”c~),,,~ = 
K(a, ~?a,, . . . , ama) for some m E N. 
Proof of Lemma 2.3. Suppose the set {dn~},EN is algebraically dependent over K. 
Then there is an integer m E N such that $“cw is algebraic over 
K(cI, acu,. . . ,d’%). Hence there exists a polynomial F(Z,, . . . , 2,) E 
K[Z,,, . . . , Z,] of minimal degree in Z, such that 
(2.3.1) F(cw,k,. . . ,amcz) =O. 
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we put 
F= ;i: h(Z,, . . 3 Z,-,)Zf, > 
i=O 
wheref,EK[Z,,...,Z,_, ] and fs((~, . . . , ~Y’-ra) # 0. By applying d on (2.3.1) 
we obtain 
2 [G(%. '. > a "%)](ama)' + 2 iJ;((Y,...,am~'a)(a"(Y)'-'(a"+la) 
i=l 
=o. 
By the minimality of s, ~~=I ifi(cz, . . . , ~“P’a)(~“a)i-’ # 0 and therefore arn+‘~ E 
K(a, . . . , Pa) implying K(a, . . . , dma) = K(ama) = K(d”a),,,. q 
2.4. Remark. Obviously all rings ACE, respectively A,,,, (n) E Z”, are closed 
under the partial derivations a/ax, (i = 1, . . . , s) and ala T. Moreover, for any 
(Y E A,,, it holds true that 
(2.4.1) g=;+ 
where (n) = (n,, n2,. . . , n,). We define for any (n) = (n,, . . . , n,) E Z” the deriva- 
tion D,,,, (on K&Y, T]]) by 
Then (2.4.1) says 
(2.4.2) 
The last statement will be excessively used in the proof of Theorem 2.2. 
2.5. Proof of Theorem 2.2. We suppose the contrary. Hence there is an element 
WE K[[T]] which is hypertranscendental over K such that the set {~“w/dT”},,, 
is algebraically dependent over R,. We put 
z,:=w, Za:=$ forallnEN. 
By assumption there are finitely many elements a, E A”C”Ci,,, i = 1, . . . , r and an 
integer m E N such that: 
2.5.1. The set {Z,,. . . , Z,} is algebraically dependent over 
K[T, ~1,. . . , a,] . 
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2.52. We define 
q := {$q&. 
Obviously 4 G A” CnCijj and Lemma 2.3 yields the following: 
2.5.3. The set {Zn}ntN has finite transcendence degree over K[T, , . . . , r,]. 
2.54. If for some i E (1, . . 
K[T,, . . . ,(, . . . , c], then 
r} the set c has finite transcendence degree over 
C&N also has finite transcendence degree over 
K[T,, . . . , c, . . . , r,]. Therefore, we may suppose the following: 
(a) {Z”>,EN has finite transcendence degree over K[T,, . . ,c] and 
(b) for every i E (1,. , . , r} the set c. has infinite transcendence degree over 
K[T, )...) i: )..., r,]. 
2.55. By assumption 4 = {a”fli/~Tn}ntN C A”C,Cijj for all i = 1,. . . , r, where 
(n(i)) = (% 9 . . . , nis) E 22”. We now define for every i = 1, . . . , r, 
and for every (v) = (q , . . . , v,) E N’, 
D,,, : = D;‘DT...DF. 
Finallyweputfori=l,...,r, 
Remark 2.4 shows c G A,, implying that {Z,},,, has finite transcendence degree 
over K[A,, . . . , A,]. By a similar argument as in 2.5.4 we may even assume the 
following: 
2.5.6. (a) For all iE (1,. . . , r} the set Ai has infinite transcendence degree over 
K(A,, . . . , &, . . . , A,) and 
(b) {Zn]&x has finite transcendence degree over K(A,, . . . , A,) and infinite 
transcendence degree over K(A,, . . . , A,_,). 
We put L:= K(A,,.. . , A,_,). By construction, L is closed under the partial 
derivations D,, . . . , D, and 8ldT. Hence Lemma 2.3 applies, showing that 
{Z,>,EN is algebraically independent over L. 
For the remainder of the proof we put 
‘k’-- Iz,k forallk=l,...,s 
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and 
D:=D,= 2 n&= 
k=l k 
Therefore, so far we have shown the following: 
2.5.7. There is a subfield L G K((_X, T)) 1 c ose under derivations D (= 0,) and d 
d/dT such that: 
(a) The set A, has infinite transcendence degree over L. 
(b) {Z,>,e, has infinite transcendence degree over L and finite transcendence 
degree over L(A,). 
2.5.8. Pick finitely many elements ri, , rp E A, such that for some integer 
m E N the set {Z,, . . . , Z,} is algebraically dependent over L(T, , . . . , rP). Again 
by using Lemma 2.3 we obtain that the set {Zn}nEN has finite transcendence 
degree over the field L({d’c~jldT’z}n~N), i = 1,. . . , p. In the same fashion as 
above we minimize-if necessary-the number of elements ri, . . , T-~ to conclude 
the following: 
2.5.9. There exist (i) a subfield L C K((_X, T)) which is closed under the partial 
derivations d/dT and D = Es=, n,(dldX,) and (ii) elements ri, . . . , rp E A”(,,, 
where (n) = (n,, . . , n,) E Z” such that: 
(a) The set {ZJ,,, has finite transcendence degree over L( {a”~,/ 
dT”)nEN)i=l,...,p and for all k E { 1, . . . , p} the { Zn}nEN has infinite transcend- 
ence degree over L({~“~,l~T”}.,,),=, ,..., R ,,.., p. 
(b) For all k = 1, . . . , p the set {87,/a Tn},tN has infinite transcendence 
degree over L({a”~,iaT”},,,),=,.,,,,~_~. In particular, {d”~~/dT”},,, is algebrai- 
cally independent over L({a”7,1aT”},,rm)i=l,,,,,k~I. 
2.5.10. The remainder of the proof is concerned with showing that 2.5.9 is 
absurd. We define 
win:=+,& forallnEN, i=l,...,p 
and note that-because of IV,, E A Cnj-for all i = 1, . . . , p, n E N, 
Moreover, by assumption 
D(Z,) = 0 and &(zk)=zk+, for all k E N . 
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BY 2.5.9, the set {wlnli=l ,..., p nEN is algebraically independent over L. Further- 
more, there is an integer 4 E N such that the set {Z,, . . . , Zq} is algebraically 
dependent over L[wia]i=r,,,,,p,nEN. Therefore, there is an equation of minimal 
degree r > 0 in Z,, 
(2.5.11) c fyZ; = 0, 
v=o 
where f, E L[lVi,, Z I.= k I l,..., p,n=O ,..., h,k=O ,...I q-l for v = 0, . . r and some h E N. 
We may also suppose that the set (f,} v=O,,,,,r has no common divisor in the 
(factorial) polynomial ring L[W,,, Zk]i=l ,,,,,p, nrN,k=l ,.,,,q -1’ Applying D to equa- 
tion (2.5.11) yields 
(2.5.12) i D(f,)Z; = 0 
v=o 
and therefore, 
r-1 
(2.5.13) c (.U’(fv) -fvWW; = 0. 
v=o 
Since the coefficients f,D(.L) -fJ(L) are contained in 
UK,, Z 1 = k I 1 I..., p,nEN,k=O ,..., q-l and since r was chosen minimal we obtain 
(2.5.14) f,D(f,) -f,D(f,) = 0 for all v =O,. . . , r - 1. 
Next, we pick for every i = 1, . . . , p a maximal integer n(i) E N such that lViVinCLj 
occurs with nonzero coefficient in one of the polynomialsf,,. By 2.5.9(a) for every 
i such an integer n(i) exists. We may also suppose that u(i) is maximal among all 
u=o,... ,r of which f, is dependent on Wincij. Then we write 
with a,, # 0, t > 0 and 
aj,, E L[{wk,, z’> = , k l,..., p,n=O I..., k,j=O ,..., q-l 
This implies 
showing 
(2.5.16) D(fv(i)) = UP + mu(,)wiV,n(i)+l ) 
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where myCij # 0 and 
l,.... p,nEN,j=O ,..., q-l \{win>nZrz(i)+l>l 
2.5.17. Suppose v(i) # r. Then write fUcij = h~(,jgy(ij where /z,(~, is a prime 
element not dividing g,,,, and satisfying /z,,~,(IV~,+,) f hVci, (FViVincij = 0). (2.5.14) 
shows 
Since v(i) # r by the choice of v(i) I?,(~, does not divide f, and therefore Iz~,~, 
divides D(f,(i,). But then /I:,~, divides 
m”(i) = i a p(i)Pwi(if =-& (f&i,) 
IL=0 41) 
which is impossible. This shows v(i) = r. Now the same reasoning as above yields 
that h, divides f, for all v = 0,. . . , r - 1 contradicting the assumption that the f,‘s 
have no common divisor. 0 
3. Construction of A,,,, 
Letn,tENbeintegerswithn>2andO<t<n-2. Weputs=n-t-2and 
define 
A n.r = R,[[V,, . . . 2 v,+,ll .
3.1. Theorem. A, f is a local noetherian domain of dimension n whose generic 
formal fibre a,,, @L”,, Q(A,,,) has dimension t. 
Proof. Obviously a,., = K[[X,, . . . ,X,, VI,. . . , Vr+,, T]] . 
Claim (a). dim a,,, @QA, , Q(A,,,> 5 t. 
Proof of (a). We take a nonunit PE a.,,\(V,, . . . , v+l). Then the power series 
representation of P involves monomials of the type T’OX’,’ * . . X> and we can find 
a suitable s-tuple (n) = (n,, . . . , n,) E Z” such that P can be written as 
P = e(Tm + b,_,T”-’ + . . . + b,) , 
where F is a unit in a,,, and b, E A C,,[[Vl, . . . , V,+ I]] for all i = 0, . . , m - 1. This 
shows (I’) n A,,, # 0 implying that any prime ideal p G a,,,, with p f! A,,, = (0) 
must be properly contained in the ideal (V, , . . . , V,, 1) C A,.,. 
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Claim (b). dim An,, BAn, Q(A,,,) 2 t. 
Proof of (b). (Following Matsumura’s proof of Example 2 in [5].) We pick t 
noninvertible elements wl, . . . , w, E K[[X, , . . . , X,, T]] which are algebraically 
independent over R,. Then we define a homomorphism 
by # (~,,,V,+,,, = idas,,,,+,,, and +(V,) = w~K+~ f”r k = 1,. . . , t. C#J is obviously 
surjective and n = ker 4 is a prime ideal of A,,, of height t. We claim that 
an AA,, = (0). Let FE A,,, be a nonzero element. Then F can be written in the 
form ’ 
F= 2 f,(V,.. . > <+,I 2
v=o 
where the f, are homogeneous polynomials of degree v in the variables 
VI,. . ., V,,, with coefficients in R,, i.e. 
Applying 4 yields 
with 
Since the set {We,..., wI} is algebraically independent over R, this shows 
4(F) # 0 for all FE A,,,\(O). •i 
3.2. Corollary. Let S = A,,, be the local ring of Theorem 3.1 with n > 2, 0 < t < 
n - 2 and let W be an additional variable. Then the generic formal fibre of the local 
ring B = WUcMr,,, contains a maximal ideal of height 5 t + 1 < n - 1 while the 
generic formal fibre B QB Q(B) has dimension ?n - 1. 
Proof. Obviously B c $W] CMs,wj c s[[W]]. Matsumura’s Example 2 in [5] shows 
that the generic formal fibre of s[W],,s,,, has dimension n - 1. Therefore, 
dim B BB Q(B) 2 n - 1. On the other hand, let p E !? be a noninvertible element 
which is algebraically independent over S. We take a maximal prime ideal a C B 
which satisfies W- p E a and a r\ B = (0). Then Q = (W- p, 17) where h = a 17 3 
is a prime ideal in ,#? with b fl S = (0). H ence by Theorem 3.1, ht b 5 t and 
therefore ht a % t + 1. 0 
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3.3. Remark. By [6], the ring A,,, of Theorem 3.1 is excellent since R, is 
excellent. We do not know any example of a nonexcellent local ring which 
contains a field of characteristic 0 and has a low dimensional generic formal fibre. 
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